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013.07.0Abstract Accurate determination of crack opening stress is of central importance to fatigue crack
growth analysis and life prediction based on the crack-closure model. This paper studies the crack
opening behavior for center- and edge-crack tension specimens. It is found that the crack opening
stress is affected by the crack tip element. By taking the crack tip element into account, a modiﬁed
crack opening stress equation is given for the center-crack tension specimen. Crack surface displace-
ment equations for an edge crack in a semi-inﬁnite plate under remote uniform tension and partially
distributed pressure are derived by using the weight function method. Based on these displacements,
a crack opening stress equation for an edge crack in a semi-inﬁnite plate under uniform tension has
been developed. The study shows that the crack opening stress is geometry-dependent, and the
weight function method provides an effective and reliable tool to deal with such geometry depen-
dence.
ª 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
The plasticity-induced crack closure behavior1 is an inherent
aspect of the mechanism of fatigue crack propagation. Crack
closure provides an effective correction to the crack driving
force, which facilitates more accurate prediction of long crack
and small crack fatigue crack growth rates.2,3 As a crack ad-
vances, the residual plastic deformations in the wake of the
crack cause plasticity-induced crack closure. During the62458033.
(D.-H. Tong), xueren.wu@
orial Committee of CJA.
g by Elsevier
ng by Elsevier Ltd. on behalf of C
07unloading process of a load cycle, before the minimum applied
stress is reached, the crack surface will close due to the residual
plastic deformations.
To develop a rationale for predicting fatigue crack growth,
a mathematical model of crack closure must be developed. The
ﬁnite element method4–10 has been used for plasticity-induced
crack closure analysis. Analytical approaches have also been
adopted by some researchers.3,11–13 Among the analytical
crack closure models, the Newman crack closure model3 is
very well-known. The Newman model is based on the Dugdale
model,14 but is modiﬁed to leave plastic deformation in the
wake of a crack as the crack advances. Theoretically, the New-
man crack closure model (the modiﬁed Dugdale model) is
applicable to rigid-perfect-plastic materials and the state of
plane stress only. However, for engineering purposes, the mod-
el has also been extended to applications for plane strain con-
ditions by introducing a constraint factor a.3SAA & BUAA. Open access under CC BY-NC-ND license.
ig. 1 Plasticity-induced crack-closure model under cycle
ading.3
292 D.-H. Tong, X.-R. WuIn fatigue crack growth analysis based on the plasticity-in-
duced crack closure concept, the crack opening stress is the key
element. The present study is aimed at developing new equa-
tions for crack opening stresses for center- and edge-crack
geometries to improve fatigue crack growth prediction
accuracy. Two aspects regarding the crack opening stress are
discussed in this paper. The ﬁrst aspect is the effect of the crack
tip element (the n-th element), and the second is the specimen
geometry dependence.
The Newman crack opening stress equation15 was devel-
oped by ﬁtting calculation data for a center crack subjected
to remote uniform stress in an inﬁnite plate. It is noted that
the contribution of the crack tip element (the n-th element)
was not included, for some historical reasons. Because this ele-
ment with residual plastic deformation always carries the com-
pressive ﬂow stress, the contribution of this element on the
crack opening stress must exist. The present authors have the
opinion that the crack opening stress should be calculated
through assessing closure along the entire crack surface,
including the crack tip element. The present study quantiﬁes
the contribution of the crack tip element on the crack opening
stress. By taking the crack tip element into account, a modiﬁed
crack opening stress equation for center-crack tension is
proposed.
The Newman crack closure model3 was originally devel-
oped for a speciﬁc geometry and loading condition, i.e., a cen-
ter crack in an inﬁnite plate under remote uniform tension.
This model is also used to calculate crack opening stresses
for other crack geometries. In doing so, it is tacitly assumed
that the same applied stress (Smax/r0) will generate the same
crack opening stress irrespective of the specimen geometry.
However, some important questions may arise. For example,
would a center-cracked specimen in an inﬁnite plate under
tensile loading (CCT) and an edge-crack specimen in a semi-
inﬁnite plate under tensile loading (ECT) have the same crack
opening stress Sop/Smax if they are both loaded to the same
value of Smax/r0?
The inﬂuence of specimen geometry on crack closure
response and consequently on fatigue crack growth has been
studied intensively in the literature, e.g., McClung,8 Liu and
Wu,16 and Kim and Lee.17 Their results showed that crack
opening stresses of different specimens were different for the
same maximum normalized stress (Smax/r0), especially under
high stress level conditions, and the assumption of the same
functional dependence of Sop/Smax on Smax/r0 for different
specimen geometries may be questionable. To answer this
question, an analysis for the edge-crack geometry under re-
mote tension (ECT) is conducted in the present study. By using
the weight function method,18 accurate crack surface displace-
ments are obtained for two relevant load conditions, i.e., re-
mote uniform tension and partially uniform distributed
pressure. The displacement data are then used to develop ana-
lytical expressions for crack surface displacements of an edge
crack in a semi-inﬁnite plate under the two load conditions,
respectively. These displacement expressions are further used
in the Newman crack closure model to calculate the crack
opening stress for the ECT specimen geometry. Finally, a
crack opening stress equation for the ECT specimen is estab-
lished by curve ﬁtting. Comparisons are made with Newman’s
Sop-equation for the CCT specimen. It is revealed that the
crack opening stress is geometry-dependent, and the geometric
effect is more signiﬁcant at lower stress ratios. Results of thepresent crack opening stresses are in good agreement with
the limited amount of data from ﬁnite element analyses in
literature.
2. Improved crack closure analysis for center-crack tension
specimen
2.1. Newman crack closure model
The Newman crack closure model3 was developed for a center
crack in an inﬁnite plate subjected to remote uniform stress.
The model was based on the Dugdale model,14 but modiﬁed
to leave plastically deformed material in the wake of the crack
as the crack advances. A schematic diagram of the model is
given in Fig. 1(a). Region r containing a ﬁctitious crack is
treated as an elastic continuum. At the maximum load level,
Smax, the material in the plastic zone, q (Region s), carries
the stress, ar0. The constraint factor, a, accounts for the inﬂu-
ence of stress state on tensile yielding at the crack tip. For the
plane stress condition, a is equal to 1, and for the plane strain
condition, a is equal to 3. While this model does not predict the
correct yield-zone shape for plane-strain conditions, the use of
an appropriate constraint factor a allows prediction of crack
opening stresses for non-plane-stress conditions. The residual
plastic deformation (Regiont) is left in the wake of the crack
tip as the crack grows. During the unloading process of a loadF
lo
Fig. 2 Comparison of the CCT specimen’s crack opening
stresses from two calculation methods (Contribution of the n-th
element is not considered (i= 11 to n  1)).
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load level (Smin). The material in the plastic zone of the crack
tip and along the contacting crack surfaces is assumed to yield
at r0. The crack opening stress (Sop) is the applied stress level
S at which the crack surfaces are fully open, which is calcu-
lated by the element contact stresses.3,12,16
The advantage of using the Newman crack closure model is
that the crack surface displacement and the plastic zone size
are obtained by the superposition of two elastic problems, a
crack subjected to partially uniform distributed pressure and
a crack subjected to remote applied stress. Therefore, by the
elastic methods, the complex elastic–plastic problem is approx-
imately solved. In the Newman crack closure model, the imag-
inary crack surface is separated into some constant-stress bar
elements.3,12,16 As the crack advances, these bar elements
which preserve the history of prior plasticity deformation are
later left behind the crack tip to form the growth plasticity
wake. The maximum number of the elements is immediately
behind the crack tip and termed as the n-th element, as shown
in Fig. 1(a). These bar elements are either intact (in the plastic
zone) or separated (along the wake of the crack tip). Based on
this model, the crack surface effective displacement uj (see
Fig. 1(b)) at any point xj can be determined by the relation:
uj ¼ lj ¼ SfðxjÞ 
Xn
i¼1
rigðxj; xiÞ ð1Þ
whereS is the remote uniform stress, f(x) is the crack surface dis-
placement due to unit remote uniform stress, n is the number of
elements, lj is the length on element j, ri is the contact stress on
element i (see Fig. 1(b)), and g(xj, xi) is the crack surface dis-
placement at element j due to unit stress acting on element i.
By solving Eq. (1), the element contact stresses can be obtained.3
2.2. Two methods for calculating crack opening stress
The crack opening stress Sop can be calculated by using two
methods. One method is based on the stress intensity factor
due to bar element contact stresses at the minimum load level;
the other is based on the crack surface displacement. The stress
intensity factor method was used by Newman for the crack
closure model analysis. With this method, the stress intensity
factor due to an applied stress increment (Sop–Smin) is set equal
to the stress intensity factor due to the contact stresses between
the bar elements. For the CCT specimen,3
Sop ¼ Smin 
Pn1
j¼112rjðsin1 B2  sin1 B1Þ
p
ð2Þ
where
Bk ¼
sin
pbk
W
 
sin
pc0
W
  k ¼ 1 or 2
and bk denotes the distance to the edge of an element, as shown
in Fig. 1(b), the width of the element being b2  b1. c0 is the
current crack length minus Dc*, the increment of which is the
width of element n. W is the width of specimen. rj is the con-
tact stress on element j.
The crack opening stress can also be calculated using the
crack surface displacement method. The crack surface dis-
placement at any point along the crack surface is set equal
to the crack surface displacement at that point due to thecontact stresses at Smin, and the maximum value of (Sop)i gives
the crack opening stress3:
ðSopÞi ¼ Smin 
Pn1
j¼11rjgðxi; xjÞ
fðxiÞ i ¼ 11 to n 1 ð3Þ
To use the displacement method, the crack surface displace-
ments, preferably in an analytical form, must be known for the
crack geometry and loading in consideration. For a center
crack in an inﬁnite plate (CCT) under remote uniform stress,
the equations for crack surface displacements are available in
Ref. 19.
Remote uniform stress
fðxÞCCT ¼
2ð1 g2Þ
E
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
jxj 6 a ð4Þ
where E is Young’s modulus, a is crack length, g= 0 for plane
stress while g= m for plane strain, and m is Poisson’s ratio.
Crack surface partial loading
gðxi; xjÞCCT ¼ hðxi; xjÞ þ hðxi; xjÞ jxj 6 a
hðxi; xjÞ ¼ 2ð1g2ÞpE ðb xiÞ cos h1
a2  bxi
ajb xij
 
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2i
p
sin1
b
a
 b¼b2
b¼b1
8>>><
>>>:
ð5Þ
where b1 = xj  wj and b2 = xj + wj, as shown in Fig. 1(b). wj
is half of the width of element j.
Fig. 2 shows comparisons of the crack opening stress data
from the two methods for the CCT specimen. The maximum
difference between the two methods (Eqs. (2) and (3), respec-
tively) is 2.3% in plane-stress condition (a= 1) and 1.6% in
plane-strain condition (a= 3). This means that, when the
crack closes ﬁrst and opens last at the crack tip, which is likely
to happen for the case of constant amplitude loading, both
methods give nearly the same Sop value. However, under var-
iable amplitude loading conditions, the crack may close ﬁrst
and open last away from the crack tip. In general, the full
opening of crack surfaces is deﬁned by separation of the last
element along crack surfaces in uploading. From this point
of view, the crack surface displacement method is physically
more reasonable than the stress intensity factor method.
Fig. 3 Inﬂuence of the crack tip n-th element on the crack
opening stresses for the CCT specimen (r0 = 480 MPa).
294 D.-H. Tong, X.-R. WuTherefore, the crack surface displacement method is used in
the present study for the crack opening stress calculation.
2.3. Effect of the crack tip n-th element on crack opening stress
2.3.1. Crack tip n-th element not considered
By using the stress intensity factor method and through curve-
ﬁtting of the results from Eq. (2), Newman15 gave the follow-
ing crack opening stresses equation for a center crack. The
crack opening stress is expressed as a function of stress ratio,
stress level, and constraint, as
Sop
Smax
¼ A0 þ A1Rþ A2R2 þ A3R3 RP 0
Sop
Smax
¼ A0 þ A1R 1 6 R < 0
8>><
>: ð6Þ
where R= Smin/Smax, Smax/r0 6 0.8. The coefﬁcients Ai are
functions of a and Smax:
A0 ¼ ð0:825 0:34aþ 0:05a2Þ cos pSmax
2r0
  1=a
A1 ¼ ð0:415 0:071aÞSmaxr0
A2 ¼ 1 A0  A1  A3
A3 ¼ 2A0 þ A1  1
8>>>><
>>>>:
It is to be noted that the summation in Eq. (2) covers j= 11
to n  1, which implies that the contribution of the crack tip
element (the n-th element) is not considered by the crack open-
ing stress equation, Eq. (6).
2.3.2. Crack tip n-th element considered
In both Eqs. (2) and (3), the upper limit of the summation is
n  1; the contribution of the crack tip n-th element’s contact
stresses rn on the crack opening stresses is not considered. It is
reasonable to argue that the crack opening stress should be
computed through assessing closure along the entire crack sur-
face including the crack tip n-th element. The n-th element’s
contact stresses rn act in a very small band immediately behind
the crack tip. This loading condition can be well approximated
by a pair of point forces at the crack surfaces. The stress intensity
factor is strongly affected by the locations of the point forces.18,19
Since the n-th element is immediately behind the crack tip, the
inﬂuence of this element on the stress intensity factor is signiﬁ-
cant. This observation is equally applicable to the crack surface
displacement, because the crack surface displacement in the crack
tip region is proportional to the stress intensity factor. Therefore,
the contribution of the n-th element needs to be taken into
account in the crack opening stress analysis.
To account for the n-th element, the upper limit of the
summation in both Eqs. (2) and (3) is changed from n  1 to
n. Because the crack surface displacement method is used here,
Eq. (3) is modiﬁed to be:
ðSopÞi ¼ Smin 
Pn
j¼11rjgðxi; xjÞ
fðxiÞ i ¼ 11 to n ð7Þ
The resulted crack opening stresses from the crack surface
displacement method, Eqs. (3) and (7), respectively, are shown
by two symbols in Fig. 3. It is seen that the n-th element has a
quite obvious effect on the crack opening stresses, especially
for constraint value a= 1 (plane stress condition). The inﬂu-
ence decreases considerably with the increase of constraintvalue a. The present results, in which the contribution of the
crack tip n-th element is included, are in good agreement with
the limited ﬁnite element data by McClung.8
Also shown in Fig. 3 are two curves corresponding to the
ﬁtted equations for the crack opening stresses. The dashed
curves are Eq. (6) by Newman,3,15 and the solid curves are
from Eq. (8) which is ﬁtted to the present results obtained
using Eq. (7).2.4. A modiﬁed crack opening stress equation for center-crack
tension specimen
Using the present results obtained from Eq. (7) which are
based on the crack opening displacement method and include
the contribution of the crack tip n-th element, a modiﬁed crack
opening stress equation for a center crack in an inﬁnite plate is
ﬁtted below:
Sop
Smax
¼A0þA1RþA2R2þA3R3 Smax=r06 0:4 andRP 0 ð8Þ
A0 ¼ ð0:9585 0:4169aþ 0:0618a2Þ cos pSmax
2r0
  1=a
A1 ¼ ð0:5645 0:0566aÞSmaxr0
A2 ¼ 1 A0  A1  A3
A3 ¼ 2A0 þ A1  1
8>>>><
>>>>:
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Eq. (6). However, the ﬁve constants of A0 and A1 are different.
Fitting curves of Eq. (8) as shown by the solid lines in Fig. 3
are in good agreement with the calculated data. For compari-
son purpose, Eq. (6) is also shown in Fig. 3 as the dashed lines.
It is seen that differences between the two equations exist,
notably in the plane stress condition (a= 1). In the plane
strain condition (a= 3), the differences are rather small.Fig. 4 Dimensionless crack opening displacements of ECT and
CCT specimens under remote uniform stress.
Fig. 5 Superposition principle.3. Crack closure analysis for edge-crack tension specimen
As pointed out early, the Newman analytical crack closure
model and the crack opening stress equation, Eq. (6), were
originally developed for center crack tension (CCT) specimens.
However, Eq. (6) has also been used for other crack geome-
tries. The question concerning the geometry dependence of
the crack opening stresses has been studied by many research-
ers, e.g., McClung,8 Daniewicz and Bloom,13 Liu and Wu,16
and Kim and Lee.17 Their results showed that crack opening
stresses were specimen geometry-dependent. But so far, there
is no analytical crack opening stress equation for other speci-
men geometries in the literature. In this section, a crack closure
analysis is conducted and an analytical crack opening stress
equation is developed for the edge-crack tension specimen.
3.1. Analytical crack surface displacement expressions for an
edge crack in a semi-inﬁnite plate
For the edge-crack tension specimen, the analytical procedure
adopted above for the center-crack tension specimen is appli-
cable. The central issue here is to calculate the element length
li in Eq. (1) for the crack geometry and applied loading in con-
sideration, i.e., to determine the relevant functions, f(xi) and
g(xi, xj). They correspond to the crack surface displacements
f(xi) due to applied loading and g(xi, xj) due to a uniform stress
over a segment of the crack surface, respectively.
In contrast to the CCT specimen, for which exact solutions
of crack surface displacements exist, an exact expression for an
edge crack in a semi-inﬁnite plate under remote tension is not
available. However, a highly accurate crack opening displace-
ment equation has been given by Wu and Carlsoon in Ref. 18
for this case:
fðxÞECT ¼
ð1 g2Þ  a
E
ﬃﬃﬃ
2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x
a
r
4:486 0:7635 1 x
a
 h
þ 0:3453 1 x
a
 2
þ 0:0456 1 x
a
 3
ð9Þ
where |x| 6 a .
Eq. (9) is plotted in Fig. 4 together with Eq. (4) for the cen-
ter-crack tension specimen. The crack-surface displacement re-
sults were normalized to provide useful data to the research
community. The method of normalization was to take the
crack-surface displacement and multiply by (f(xi)E
0)/a,
E0 = E/(1  g2).
For the other load case, i.e., a uniform pressure segment
acting at an arbitrary location at the crack faces of an edge
crack in a semi-inﬁnite plate A, as shown in Fig. 5, an exact
solution for crack opening displacements does not exist. To
solve this problem, the weight function method is used here
for the determination of g(xi, xj) in Eq. (1). According to the
principle of superposition, the load case A can be decomposedinto two load cases, B and C. with b2 = a and different b1 val-
ues, which are referred to as Dugdale loading. The correspond-
ing crack opening displacements are determined with the
weight function method,18 as in Appendix A, Eq. (A8).
To develop an analytical expression for the crack opening
displacements for an edge crack in a semi-inﬁnite plate under
crack face Dugdale loading, use is made of the exact expres-
sion uCCT,r for the crack surface displacements of the center-
crack specimen subjected to the same loading. The crack
surface displacements for the edge-crack specimen can be
expressed by multiplying the ratio between the two stress
intensity factors and a correction factor M to the center crack
expression uCCT,r:
uECT;r ¼ uCCT;r  ðFECT;r=FCCT;rÞ M ð10Þ
where the center crack surface displacement uCCT,r is obtained
by inserting b2 = a into Eq. (5). FECT,r and FCCT,r are the non-
dimensional stress intensity factors for the edge- and center-
crack specimens subjected to Dugdale loading, as in Eq.
(A7) and the following equation:
FCCT;r ¼ 2p sin
1 b
a
  				
b¼b2
b¼b1
where b2 = a.
The factorM is determined by ﬁtting the crack opening dis-
placement results obtained from the weight function method,18
Eq. (A8):
M¼
1:282þ1:639b1
a
þ2:276xi
a
þ5:151 b1
a
 2
þ9:684 xi
a
 2
9:693b1
a
xi
a
1þ1:344b1
a
þ1:97xi
a
þ3:932 b1
a
 2
þ10:067 xi
a
 2
8:047b1
a
xi
a
0
BBB@
1
CCCA
Fig. 6 shows that the analytical expression, Eq. (10), ﬁts the
weight function results very well. The maximum error is 1.3%
(for b1/a= 0.45). Compared with the analytical expression for
Fig. 6 Dimensionless crack opening displacements of edge- and
center-crack specimens subjected to Dugdale loading (b2/a= 1).
Fig. 7 Dimensionless crack opening displacements of edge- and
center-crack specimens subjected to uniform stress segment at
various locations along crack surfaces.
Fig. 8 Crack opening stresses of ECT and CCT specimens
(r0 = 480 MPa) as a function of applied stress (Smax), stress ratio
(R) in a plane stress state (a= 1).
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nite plate under a segment of uniform crack face pressure,
which was developed earlier in Ref. 20 and expressed in a more
complicated double-polynomial form, the present equation,
Eq. (10), is simpler and more accurate.
With the analytical expression, Eq. (10), the crack
surface displacements for an edge crack in a semi-inﬁnite
body with a uniform stress segment acting at an arbitrary
location on the crack surface, as shown in Fig. 5, are read-
ily determined by superposition, i.e., taking the difference
between B and C. Thus the function g(xi, xj)ECT is obtained
as follows:
gðxi;xjÞECT ¼ gðxi;xjÞCCT 
FECT;r
FCCT;r
  
b2¼a;b1¼xjwj
Mjb1¼xjwj
 gðxi;xjÞCCT 
FECT;r
FCCT;r
  
b2¼a;b1¼xjþwj
Mjb1¼xjþwj
ð11Þ
where g(xi, xj)CCT and FECT,r are given by Eqs. (5) and (A7),
respectively. xj is deﬁned in Fig. 1(b).
Fig. 7 shows some typical comparisons between the ﬁtted
expression, Eq. (11), and the weight function results. For the
edge-crack specimen, Eq. (11) represented by the dotted line
is in very good agreement with the weight function method
(the solid curves) for all points along the crack surface. The
maximum difference occurs in the loading segment (b2/
a= 0.3, b1/a= 0.2), which is about 6.6%. It is evident that
the crack opening displacements for an edge crack are very dif-
ferent from those for a center crack. Obviously, Figs. 4 and 7
show that crack opening displacements for both load cases are
specimen geometry-dependent.
3.2. Crack opening stress equation for edge-crack tension
specimen
Using the crack opening displacement equations determined
with the weight function method for the edge crack geometry
under remote uniform tension and crack face segment loading,
the crack opening stress can be calculated with the sameprocedure as above for the center crack geometry. The crack
surface displacement method, Eq. (7), is used here, and the
analytical functions f(xi) and g(xi, xj) are given by Eqs. (9)
and (11), respectively. The crack tip n-th element is taken into
account. The results of the crack opening stress are presented
in Fig. 8 as circle symbols. The other two symbols (triangle and
cross) are ﬁnite element results from McClung8 and Daniewicz
and Bloom,13 respectively. Although only a few ﬁnite element
data points are available, the results do agree with each other
Analysis of crack opening stresses for center- and edge-crack tension specimens 297very well, especially for R= 0. For R= 0.5, there is only one
ﬁnite element data point13 to compare with. The difference
with the present result is 4.4%.
Based on the above calculations, a crack opening stress
equation for an edge crack in a semi-inﬁnite plate under ten-
sion is developed by curve-ﬁtting. The equation is in the same
form as for the center crack opening stress by Newman,15 but
again with different constants of A0 and A1. The crack opening
stress is expressed as a function of stress ratio, maximum
stress, and constraint, as
Sop
Smax
¼ A0 þ A1Rþ A2R2 þ A3R3
Smax=r0 6 0:4 and RP 0 ð12Þ
A0 ¼ ð0:8613 0:3387aþ 0:0465a2Þ cos pSmax
2r0
  1=a
A1 ¼ ð1:047 0:233aÞSmaxr0
A2 ¼ 1 A0  A1  A3
A3 ¼ 2A0 þ A1  1
8>>>><
>>>>:
Eq. (12) is shown in Fig. 8 as solid lines. For comparison
purpose, the crack opening stress equations for the center-
crack tension specimen, Eqs. (6) and (8), are also given. It is
seen that the crack opening stress is specimen geometry-
dependent.
4. Conclusions
(1) The weight function method is utilized for calculating
the crack opening displacements due to applied loading
and the Dugdale loading for the edge-crack tension
specimen.
(2) Based on the results of weight function analysis, accu-
rate crack opening displacement equations are devel-
oped for uniform tension and crack face Dugdale
loading.
(3) With these displacement expressions, a crack opening
stress equation for an edge crack in a semi-inﬁnite plate
under tension is developed. It is revealed that the crack
opening stress is geometry-dependent.
(4) By using the analytical weight function method, it is pos-
sible to develop geometry-speciﬁc crack opening stress
equations.Appendix A. Determination of crack opening displacements for
an edge-crack specimen under Dugdale loading by using the
weight function method
The weight function method is a powerful method for the
determination of key fracture mechanics parameters for cracks
under arbitrary load conditions, e.g., stress intensity factors
and crack surface displacements. The high efﬁciency of this
method lies in that the weight function is a property of crack
geometry only, and is independent of loading. For a given
crack conﬁguration, once the weight function is obtained, frac-
ture mechanics parameters for the same crack conﬁguration
under arbitrary loadings can be easily determined through a
simple quadrature.18For stress intensity factors,
K ¼ Fr ﬃﬃﬃﬃﬃpap ðA1Þ
F ¼
Z a
0
rðx=aÞ
r
mða; xÞﬃﬃﬃ
p
p dx ðA2Þ
where m(a, x) is the weight function for the given crack geom-
etry, which can be derived from the crack opening displace-
ments u(a, x) for a reference load case.
mða; xÞ ¼ E
0
KðaÞ
ouða; xÞ
oa
ðA3Þ
For an edge crack in a semi-inﬁnite plate, a highly accurate
weight function in closed-form is given by Wu and Carlsson:18
mða; xÞ ¼ 1ﬃﬃﬃﬃﬃ
2p
p
X5
i¼1
bi  1
x
a
 i32 ðA4Þ
where
b1 ¼ 2:0; b2 ¼ 0:9788; b3 ¼ 1:1101; b4 ¼ 0:3194;
b5 ¼ 0:1017
From Eq. (A3), the crack surface displacement becomes,
uða; xÞ ¼ r
E0
Z a
a0
½FðsÞ ﬃﬃﬃﬃﬃpsp  mðs; xÞds ðA5Þ
For the crack surface displacements of a segment of uni-
form pressure in the immediate wake of the crack tip, i.e.,
the Dugdale loading,
urða; b1; xÞ ¼ ð1 g
2Þr
E
Z a
a0
FECT; rðsÞ 
ﬃﬃﬃﬃﬃ
ps
p mðs; xÞds ðA6Þ
where FECT,r (a) is the stress intensity factor for the Dugdale
loading:18
FECT;rðaÞ ¼
ﬃﬃﬃ
2
p
p
X5
1
1
ð2i 1Þbi  1
b1
a
 i12" #
ðA7Þ
where b1 is deﬁned in Fig. 5.
Inserting Eqs. (A4) and (A7) into Eq. (A6), the crack open-
ing displacement for the Dugdale loading is given by the fol-
lowing expression:18
urða; b1; xÞ ¼ ð1 g
2Þr
Ep
Z a
a0
1 b1
s
1 x
s
" #1
2

X5
i¼1
bi
2i 1  1
b1
s
 i1

X5
i¼1
bi  1
x
s
 i1
ds ðA8Þ
The integration needs to be carried out numerically.
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